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Abstract
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One of the most interesting features of quantum electrodynamics in (2 + 1) dimensions
is the possibility that the photon can have a gauge invariant topological mass term [1].
The Lagrangian contains both a Maxwell term and a parity and time-reversal violating
Chern-Simons kinetic term for the gauge field as well as minimal coupling to spinor matter:
L = − 1
4e2
FµνF
µν +
k
8π
ǫµνλAµ∂νAλ + ψ(iγ
µDµ −m)ψ. (1)
Here A is an Abelian vector field, Fµν = ∂µAν − ∂νAµ is the field strength tensor, Dµ =
∂µ − iAµ is the gauge covariant derivative, and ψ is a two-component Dirac field.
This model effectively contains two dimensionful parameters, the topological photon
mass M = e2k/4π, which may be positive or negative depending on the sign of the statis-
tics parameter k, and the electron mass m, which may also assume both positive and
negative values, but we choose m > 0 for certainty. The topological mass cuts off the
long range Coulomb interaction which in the pure Maxwell theory would be logarith-
mic. There are two natural dimensionless parameters in this model, the ratios α/m and
α/M = 1/k, where α = e2/4π. For light fermions (m < M) the perturbation series ex-
pansion parameter is α2/mM ∼ 1/k, while for heavy fermions (m ≫ M) it turns out to
be α/m = (M/m)(1/k) ≪ 1/k. The standard perturbation series can therefore be used
provided 1/k ≪ 1.
Drawing from our experience with QED4, one would expect that for large k the spec-
trum of the theory (1) is described well by perturbation theory. It contains the tree-level
particles, the photon, electron and positron, and also, because of the attractive Coulomb
interaction, metastable e+e− bound states, as expected from the analysis of ordinary QED3
(k → 0 in (1)). In the following we shall show that in fact the qualitative properties of the
spectrum are controlled not only by the statistics parameter k, but also by the parameter
β ≡M/m = ke2/4πm. When the parameter β is small, the photon is relatively light, the
theory resembles pure QED3, and the spectrum contains electrons, positrons, photons and
e+e− bound states.
Also, we shall see that when β is increased to 1, a new phenomenon takes place – the
equal charge attraction which was originally discussed in Ref. [2]. In this case an attractive
charge-current interaction and repulsive charge-charge and current-current interactions
become of comparable strength and may lead to new e−e− and e+e+ bound states [2–7].
When M/m > 1, the e+e− bound states no longer form. Instead, for small enough k ∼< 1
(the strong coupling regime), as well as the electron, positron and photon, the spectrum
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of the theory may contain scalar (if there are several fermion flavours in the theory) and
vector e−e− and e+e+ bound states. We speculate that for a special set of parameters,
the vector e−e− and e+e+ bound states and the photon have equal masses and form an
SU(2) isospin triplet state, although at this point we have not yet determined whether the
dynamics could exhibit a full global SU(2) symmetry.
The situation again changes at the two-fermion threshold M/m = 2 where the photon
becomes unstable to decay into e+e− pairs. Here we shall show that an unusual attraction
between the electron or positron and photon as well as e+e− repulsion take place. There,
we conjecture that, for a certain range of parameters, the stable particles are an e−γ
bound state and an e+γ bound state, as well as an electron and positron and possible
e−e− and e+e+ bound states (and then if the masses of the bound states are light enough,
the electron and positron could actually be unstable and decay into an e−γ or e+γ bound
state and a photon). As the parameter M/m becomes infinitely large, however, these
unusual particle interactions only represent fractional spin-statistics transmutations of the
composite particle systems, and the only stable particles which remain are the electron
and positron.
The e−e− interaction in the theory (1) can be described in perturbation theory by con-
sidering the fermion-fermion scattering amplitude in the non-relativistic limit. Working
in the tree-approximation, for different flavour fermions we symmetrize the two corre-
sponding t- and u-channel diagrams to get the total symmetric amplitude As, while for
identical fermions the Pauli exclusion principle forces us to antisymmetrize and get the
total antisymmetric amplitude Aas:
As,as =− i
2
[(
u(p′1)γµu(p1)
)(
u(p′2)γνu(p2)
)
Gµν(p1 − p′1)
± (u(p′2)γµu(p1))(u(p′1)γνu(p2))Gµν(p1 − p′2)]. (2)
Here pi (p
′
i) are the momenta of the incoming (outgoing) particles, and
u(p) =
1√
2m(E −m)
(
E +m
−i(p1 + ip2)
)
,
where p = (E, p1, p2), E
2 = ~p 2 +m2, and u(p)u(p) = 1, are the on-shell positive energy
Dirac spinors [6]. We also use the (2 + 1) dimensional representation of the Dirac matrices
in terms of Pauli spin matrices as γ0 = σ
3, γ1 = iσ
1, and γ2 = iσ
2, and
Gµν(p) = −ie2
[
p2gµν − pµpν
p2(p2 −M2) +
iMǫµνλp
λ
p2(p2 −M2)
]
3
is the free photon propagator in the Landau gauge [1].
The imaginary parts of the S-matrix elements (2) describe the lowest order long-ranged
Aharonov-Bohm flux tube interaction of the electrons, which vanishes in the short-ranged
regime and in the long distance limit just shifts the canonical angular momentum of the
charged particles as ℓ → ℓ − 1k . The real parts of these amplitudes, which describe the
short-ranged interactions between the electrons, in the center of mass frame and in the
non-relativistic limit are
Re(As,as) =
2πM
k
(
1− M
m
)[
1
(~p1 − ~p ′1)2 +M2
± 1
(~p1 − ~p ′2)2 +M2
]
. (3)
We see that the symmetrized amplitude gives a pure S-wave interaction Re(As) =
4π(1 −M/m)/kM , while the antisymmetrized contribution is a pure P -wave interaction
Re(Aas) = 4π~p
2
1 cos θ(1−M/m)/kM3, where θ is the scattering angle. For any k < 0, or
k > 0 and M/m < 1, these amplitudes just represent the expected repulsion between the
electrons. However, for M/m > 1, the magnetic attraction parts (second terms) of these
amplitudes, which arise from the Pauli dipole interaction of the electrons due to their
magnetic moment [4,6], are stronger than the equal charge-charge Coulomb repulsions
(first terms), and lead to a short-ranged equal charge attraction between the electrons.
This remarkable equal charge attraction implies that for M/m > 1 an unusual spectrum
of S-wave and P -wave e−e− bound states may exist in the spectrum of the quantum field
theory (1), and it may even lead to a possible vacuum instability in the relativistic theory
[7], whereby the vacuum could become unstable to the production of e+e− pairs followed
by a separation of phases. It also implies that there may be a fermion chiral condensate,
< ψψ > 6= 0, and the corresponding BCS gap equation for the superconducting ground
state (of electron Cooper pairs) can be readily solved in the weak binding case [2].
One can now obtain the potential for the e−e− interaction in configuration space. We
consider only the t-channel amplitude in (3) (i.e. assume the fermions are distinguishable),
include the imaginary Aharanov-Bohm part
Im(As,as) =
4πM2
km
~q × ~p1
~q 2(~q 2 +M2)
of (2), and write (2) as a momentum space first order Born amplitude in the momen-
tum transfer ~q = ~p1 − ~p ′1. Notice, however, that since the non-relativistic Hamiltonian is
quadratic in momentum, the single-photon-exchange approximation is not gauge invariant
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and one must take into account the two-photon exchange contribution. The two dimen-
sional Fourier transform of this resulting Born amplitude gives the configuration space
potential for the e−e− interaction, and then, including the centrifugal barrier, the effective
potential appearing in the corresponding radial Schro¨dinger equation is
V
(ℓ)
ff (r) =
2M
k
(
1− M
m
)
K0(Mr) +
ℓR(r)
2
mr2
. (4)
In (4), ℓR(r) = ℓ − (1/k)
[
1−MrK1(Mr)
]
is the radially dependent Aharanov-Bohm
renormalization of the usual integer-valued angular momentum quantum number ℓ of the
e−e− pair, Kn(x) denotes the irregular modified Bessel function of order n [8], and we
assume that M > m in (4). The modified Bessel functions have the asymptotic behaviours
Kn(x) → 0 for x → ∞ and K0(x) ∼ − log x, K1(x) ∼ 1/x for x → 0. Notice that
the term of order 1/k2 in the potential (4), which arises from the two-photon exchange
diagrams [6], was not taken into account in Refs. [5,9], which lead the authors of those
papers to the incorrect conclusion that the effective centrifugal barrier could be attractive.
They therefore find e−e− bound states for β ≪ 1, contradicting the corresponding QED3
result, which should be correspondent in this regime. Moreover, the bound states found
in Refs. [5,9] existed for small k, where perturbation theory breaks down and higher order
contributions to the scattering amplitude are equally important (so that one cannot neglect
terms of order 1/k2 as compared to terms of order 1/k)1.
We employ a standard semi-classical analysis to the potential (4) [10], which yields
exact results for the harmonic oscillator and hydrogen atom Hamiltonians. In the WKB
approximation, the Bohr-Sommerfeld quantization condition for the radial Schro¨dinger
action integral reads∫ r2
r1
dr
√
m
(
En,ℓ − V (ℓ)ff (r)
)
=
(
n+
1
2
)
π ; n = 0, 1, 2, . . . , (5)
where r1 and r2 are the classical turning points defined by the zeroes of the function
r2
(
En,ℓ − V (ℓ)ff (r)
)
, r ≥ 0, and En,ℓ is the mass of the bound state with the quantum
numbers n, ℓ. Introducing the dimensionless parameters x = Mr and εn,ℓ = En,ℓ/M ,
from (4) the quantization law (5) can be written as
β−1/2
∫ x2
x1
dx
[
εn,ℓ −
2
k
(
1− β
)
K0(x)−
β
x2
(
ℓ− 1
k
(
1− xK1(x)
))2]1/2
=
(
n+
1
2
)
π. (6)
1 We would also like to stress that the original derivation of the equal charge attraction which was done
in Ref. [2] was both quantum mechanical and field theoretical (and the field theoretical derivation was
repeated in Refs. [5,9]), contrary to the claim that the field theoretical derivation suggested in those papers
is completely different from the results of Ref. [2].
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We have solved the equation (6) numerically for ℓ = 0, 1 and n = 0, 1 using the
standard method of successive approximations. We restricted the parameter β to the
region 1 < β ≤ 15, and it was found that bound states (i.e. solutions εn,ℓ to equation (6))
existed only for 0 < k ≤ 1.6. In fact, only in the case of the lowest lying S-wave state
(n = ℓ = 0) did k cover the full range 0–1.6 (in the other cases bound states ceased to
exist typically at about k = 0.6). The bound state energies εn,ℓ are all large for large β
and small k, and as one moves away from this region the values tail off smoothly. Notice,
however, that the shift in the centrifugal barrier introduces a large hump in the potential,
allowing for metastable bound states. In fact, all of the excited e−e− states (n ≥ 1) were
found to be metastable, and moreover existent for only a small range of k-values, this
parameter range diminishing for smaller values of β (this also occured for n = 0 at β ∼ 1
where, upon examining (4), bound states are not expected). These numerical results also
suggest a parameter dependence of the bound state energies as εn,ℓ ∼ β e−k.
It is easy to show that in the perturbative regime (1/k ≪ 1) and in the non-relativistic
approximation (r ≫ 1/m > 1/M) the potential (4) is purely repulsive and no bound e−e−
states can form. For 1/k ∼> 1 the perturbative calculations are not reliable, and we do not
have an expression for the potential of the interaction between two fermions in this case.
But one can see that if one considers the perturbative potential (4) for smaller and smaller
k, it becomes more and more attractive. Our numerical studies above of this potential
indicate that it can possess S- and P -wave bound states for k ∼< 1.
Notice also that asM becomes very large (the so-called “anyon limit”) the short-ranged
potential in (4) becomes an attractive delta-function potential −(4π/k)(1/m)δ(2)(~r ), and
the barrier shift is exactly ℓ → ℓ − 1k . Although this delta-function potential admits an
S-wave bound state2, there are no bound states in this limit because the renormalized
centrifugal barrier is never absent. This potential just represents the Pauli interaction of
the fermionic magnetic moment with the flux tubes attached to the charged particles which
transmute them into anyons, and its only effect is to give the electrons fractional spin and
statistics [4,6,12]. So, we may conclude that as long as we can trust perturbation theory,
e−e− bound states do not exist in the theory (1). We conjecture that they will form for
M > m, provided k is sufficiently small, k ∼< 1, and the photon is not too heavy3.
2 For a discussion of the delta-function potential in two spatial dimensions, see Ref. [11].
3 Actually, it was shown in Refs. [4,6] that one-loop radiative corrections give the region of dominant mag-
netic attraction between two equally charged fermions as k < − 7
3
. We neglect these finite renormalizations
of all bare parameters appearing in (1).
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In a similar fashion one can find the potential for the e+e− interaction. The tree-level
Feynman amplitude in the perturbation expansion for e+e− scattering is given by the sum
of the corresponding t- and s-channel (annihilation) diagrams:
Vf f¯ = i
[(
u(p′1)γµu(p1)
)(
v(p2)γ
νv(p′2)
)
Gµν(p1 − p′1)
− (v(p2)γµu(p1))(u(p′1)γνv(p′2))Gµν(p1 + p2)] (8)
where
v(p) =
1√
2m(E +m)
(
−i(p1 − ip2)
E +m
)
are the on-shell negative energy Dirac spinors with v(p)v(p) = 1 [6]. Again the imagi-
nary part of (8) represents the Aharanov-Bohm flux tube interaction between the charged
particles, and in the center of mass frame and in the non-relativistic limit, its real part
reads
Re
(
Vf f¯ (~q )
)
= −4πM
k
[(
1− M
m
)
1
~q 2 +M2
+
1
m(2m−M)
]
. (9)
We see that for any k < 0, or k > 0 and M/m < 1, the amplitude (9) represents an
e+e− attraction, and the expected S- and P -wave e+e− bound states may appear. For
1 < M/m < 2, the ~q-independent (s-channel) term in (9) is still attractive and dominates
over the other t-channel term. This term corresponds to a delta-function potential in
configuration space, which is known to have S-wave bound states even for weak coupling
[11]. Therefore e+e− bound states can exist in either S-wave or P -wave, provided that
either k < 0 or the photon is stable. However, if the photon is unstable, then the s-channel
and magnetic interaction terms in (9) dominate the Coulomb charge attraction between
the electron and positron. Then the e+e− pair no longer attract, and a stable e+e− bound
state is not possible, as one would expect for unstable photons.
As a function of the topological mass M , the attraction represented by (9) is strongest
just below the two-fermion threshold M ∼ 2m+ 0−, and near zero photon mass M ∼ 0±
where the topologically massive gauge theory (1) degenerates into ordinary QED3, precisely
where one would expect e+e− bound states to exist. The strongest repulsion between the
electron and positron occurs just above the two-fermion threshold M ∼ 2m + 0+, where
the photon becomes unstable and the structure of the quantum field theory (1) begins to
deviate enormously from that of usual QED3. It is therefore expected that the spectrum of
stable e+e− bound states will be concentrated in the regions M ∼ 2m+ 0− and M ∼ 0±.
Notice also that in the anyon limit the short-ranged interaction (9) becomes the (now
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repulsive) delta-function interaction discussed before, and all that remains of the e+e−
interaction is the pair’s anomalous statistics and the usual fractional shift in the canonical
angular momentum.
The effective configuration space interaction potential appearing in the radial Schro¨dinger
equation for the e+e− system corresponding to the Born amplitude (8) is
V
(ℓ)
f f¯
(~r ) = −2M
k
[(
1− M
m
)
K0(Mr) +
2π
m(2m−M)δ
(2)(~r )
]
+
ℓR(r)
2
mr2
(10)
where we take 0 < M/m < 2 in (10). Notice that in this regime and for 1/k ≪ 1 the barrier
shift is small and it vanishes for M → 0. Now the delta-function in (10) acts only on S-
wave states as a constant shift in the corresponding S-wave energy eigenvalues. Therefore
this term, which represents the s-channel annihilation of the electron and positron, can
be neglected in the ensuing bound state analysis, remembering to just shift all S-wave
energy levels by −(M2/m)(ek(2m−M)/2M − 1)−1. We are therefore left with the same
Bohr-Sommerfeld equation (6) to solve, except that now β < 1 and of course the sign of
the Bessel function K0(x) in (6) changes. A similar numerical analysis now as that of (6)
supports the idea of the existence of S- and P -wave e+e− bound states in this regime of
the theory.
A somewhat more analytic analysis of equation (6) for the e+e− system can be per-
formed near the zero photon mass threshold M → 0 (which also gives the corresponding
result in ordinary QED3 where M then plays the role of an infrared cutoff). For M ≪ m,
the short-ranged potential in (10) is nothing but the attractive logarithmic Coulomb po-
tential in two spatial dimensions, which is known to have a discrete eigenvalue spectrum
bounded from below with eigenvalues of finite multiplicity [13]. In this case the equation
(6) can be written to leading order in β as∫ y2
y1
dy
[
−ℓ2 − 2
kβ
ekεn,ℓ
(
1− β
)
y e2y
]1/2
+O(β1/2) =
(
n+
1
2
)
π,
where y = log x − kεn,ℓ/2(1 − β) and y1 and y2 are the two zeroes of the function ℓ2 +
(2/kβ)(1− β) ekεn,ℓy e2y, y ∈ R1, so that y1 ∼ −∞ and y2 ∼ 0 for β → 0. This expression
can be integrated with relative ease and evaluated for ℓ = 0, 1 to yield approximate
expressions for the masses of the S- and P -wave e+e− bound states:
E
(f f¯)
n,ℓ=0 ≃
2M
k
log
[√
πkM
m
(
n+
1
2
)]
E
(f f¯)
n,ℓ=1 ≃
2M
k
log
[(
3
√
2e√
e + 3
√
2
)√
Mk
2m
(
n+
1
2
)
π
]
.
(11)
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Then (11) also shows that the number of S- and P -wave e+e− bound states are Nℓ=0 ∼√
m/πkM and Nℓ=1 ∼
√
2m/kM respectively, which are both quite large.
Thus forM/m < 2 the e+e− spectrum of states is qualitatively similar to that expected
in ordinary QED3, with quite a large number of e
+e− bound states appearing. Although
the existence of e+e− bound states in topologically massive quantum electrodynamics for
stable photons may not seem perplexing, the above results being standard in the analysis
of the two dimensional Coulomb potential, the existence of another stable and neutral
vector particle other than the stable photon can lead to interesting consequences for the
structure of the quantum field theory (1). In particular, although it is known from the
Coleman-Hill theorem [14] that, when the matter fields have a finite mass gap [15], the
statistics parameter does not renormalize beyond one-loop order in perturbation theory
with respect to the topologically massive photon, it could be further renormalized by the
P -wave e+e− bound state (for one knows that vector particles in general do contribute to
this renormalization [16]).
The final elementary interaction one could consider for the quantum field theory (1)
is the Compton scattering of an electron and a photon. The photon, being a massive
vector excitation in this theory, allows us to treat this two-body interaction using standard
methods, as above. The total Compton S-matrix element in the tree approximation is the
sum of the s- and u-channel diagrams for the e−γ interaction:
Vfγ =− i
[(
u(p′1)γνS(p1 + p2)γµu(p1)
)
eµ(p2)e
∗
ν(p
′
2)
+
(
u(p′1)γνS(p1 − p′2)γµu(p1)
)
eν(p2)e
∗
µ(p
′
2)
]
,
(12)
where S(p) = i(pµγ
µ −m)−1 is the free fermion propagator, and
e(p) =
1√
2M |~p |
(
~p 2
Ep1 − iMp2
Ep2 + iMp1
)
are the on-shell polarization vectors for the photons in the transverse Landau gauge with
p · e(p) = 0 = e(p) · e(p) and e(p) · e∗(p) = −1 [17]. In the center of mass frame, it is found
that only the u-channel (second term) part of (12) contributes in the non-relativistic limit:
Vfγ(~q ) = −
2M
~q 2 + µ2
cos θ +
4iM sign(M)
~q 2(~q 2 + µ2)
~q × ~p1(1− cos θ), (13)
where we have introduced the mass parameter µ =
√
M(M − 2m).
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In the extreme non-relativistic limit ~q 2 → 0 this potential becomes
Vfγ
∣∣∣
~q 2→0=
2
2m−M e
i sign(M)θ. (14)
Thus, for stable photons the e−γ pair repel each other, no bound state can form, and the
entire spectrum of the quantum field theory (1) is identical in nature to that in ordinary
(2 + 1) (or (3 + 1)) dimensional quantum electrodynamics. But if the photon is unstable,
the e−γ pair attract each other in P -wave, and an e−γ bound state may form. It is in this
unstable region M/m > 2 that the spectrum of the theory (1) becomes somewhat exotic
and differs enormously from what one would usually expect.
The interaction amplitude (14) describes an extremely strong attraction between the
electron and photon for values of the topological mass just above the two fermion threshold,
M ∼ 2m + 0+. Just below this threshold, the electron and photon repel each other very
strongly (notice that this is exactly opposite to the case of the e+e− interaction and is
similar to the e−e− interaction). For a binding energy E = −E(fγ)b < 0, it is easy to see
that the condition for the formation of a stable e−γ bound state is just E(fγ)b > M − 2m,
and thus stable e−γ bound states could form even though the photon itself is not a stable
particle in this regime of the theory. Also notice that in the anyon limit the interaction
amplitude (14) vanishes, and the stability condition E
(fγ)
b > M−2m is violated. Therefore
no stable e−γ bound state can form in the anyon limit.
The Fourier transform of (13) gives the non-central configuration space effective inter-
action potential
V
(ℓ)
fγ (r, φ) =−
2M
πµ2r2
{
ℓ
(
1− µrK1(µr)
)
+ cos 2φ
[(
2ℓ
µr
(µ2r2 − 2)− µr
)
K1(µr)
− (µ2r2 + 2ℓ)K0(µr) + 1
]}
+
ℓ2
2m∗r2
(15)
in the e−γ radial Schro¨dinger equation, where (r, φ) are the polar coordinates of the relative
e−γ position vector ~r and m∗ = mM/(m +M) is the reduced mass of the e−γ system.
We assume that M > 2m in (15).
Notice that the imaginary part of (13) is similar to (but is not exactly) the Aharanov-
Bohm interaction amplitude. Notice also that in the anyon limit M ≫ 2m, µ → ∞,
and the expression (15) becomes V
(ℓ)
fγ (r, φ)
∣∣∣
µ→∞= −(2M/πµ
2r2)(ℓ+ cos 2φ) + ℓ2/2mr2.
This represents a shift in the orbital angular momentum of the e−γ composite system of
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ℓ→ ℓ− 2mπM . As M ≫ 2m this shift is small and negligible except for the S-wave channel
(ℓ = 0), just as for the e−e− system when k is large. Therefore the e−γ system has an
unusual spin-statistics transmutation in the anyon limit which is small, but nevertheless
a non-trivial adiabatical rotation through 2π of the e−γ system as a function its radius r
exists and can be computed via (14).
The other limiting case is M ∼ 2m+ 0+ (µ→ 0+). In this limit
V
(ℓ)
fγ (r, φ)
∣∣∣
µ→0+= −
2M
πµ2r2
cos 2φ
[
1 + 2ℓ
(
log µr − 2
(µr)2
)]
+
3ℓ2
4mr2
. (16)
This potential (without the centrifugal barrier) is completely angle dependent, and it is
here that the most and strongest e−γ bound states are expected to be concentrated.
In the general case (15), as well as in the limiting case (16), an analysis of the cor-
responding Schro¨dinger equation as for the e−e− and e+e− systems appears to be quite
difficult due to the non-trivial angular dependence of V
(ℓ)
fγ (r, φ), which has the form of a
dipole or quadrupole interaction. Moreover, it is not clear how this angular dependence
affects the binding energies. Nonetheless, a contour plot shows that the potential (15) has
very deep wells in certain regions of the polar (r, φ) plane, and it is thus not unreasonable
to speculate that at least for a certain set of parameters, the potential (15) has stable
bound states. It is also interesting, from examining the small r divergent behaviour of
the Bessel functions in (15), that the e−γ system can undergo a falling into the center.
Moreover, if e−γ and e+γ bound states exist, then the relativistic vacuum attracts elec-
trons and positrons to itself, and an ensuing vacuum instability can occur, much in the
same way as for the unusual e−e− attraction. Whether or not the charged composite e−γ
bound state can keep on attracting electrons or positrons to itself is another question. This
provides evidence that the analysis of the quantum field theory (1) must be regarded as a
true many-body quantum field theory problem (not just a quantum mechanical one), and
the possibility of e−γ and e+γ bound states in this theory represents a new novel field
theoretical phenomenon.
We see therefore that the spectrum of topologically massive spinor electrodynamics
separates into different phases, with critical phase transition points at M/m = 1 and
M/m = 2 separating the expected spectrum from the exotic one. In the limit of a small
topological mass, the spectrum contains only the usual particles expected from ordinary
QED3 (or QED4), while at these critical phase transition points unusual electron and
photon composite particles can emerge in the spectrum. In the anyon limit, the only
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effect of these particle interactions is to give the composite particle systems exotic spin-
statistics transmutations, as expected from the effective quantum field theories of anyonic
systems [12], and the only stable particle excitations which survive are those induced by
the fundamental fermion field ψ.
We close by noting that in the scalar version of the quantum field theory (1), the exotic
spectral structure discussed above is not possible. Consider the Lagrangian (1), except now
with gauge coupling to scalar matter fields ϕ:
LS = −
1
4e2
FµνF
µν +
k
8π
ǫµνλAµ∂νAλ + (Dµϕ)†(Dµϕ)−m2Sϕ†ϕ, (17)
where mS is the meson mass. The meson-meson, meson-antimeson, and meson-photon
S-matrix elements in the tree-approximation are respectively
Vmm =Re
[−i(p1 + p′1)µ(p2 + p′2)νGµν(p1 − p′1)] = 16πMk m
2
S
~q 2 +M2
Vmm¯ =Re
[
i(p1 + p
′
1)
µ(p2 + p
′
2)
νGµν(p1 − p′1) + i(p1 − p2)µ(p′1 − p′2)νGµν(p1 + p2)
]
=− 16πM
k
(
m2S
~q 2 +M2
+
~p1 · ~p ′1
M2 − 4m2S
)
Vmγ =− i
[
(2p1 + p2)
µ(2p′1 + p′2)νeµ(p2)e∗ν(p′2)D(p1 + p2)
+ (2p1 − p′2)µ(2p′1 − p2)νeν(p2)e∗µ(p′2)D(p1 − p′2)− 2igµνeµ(p2)e∗ν(p′2)
]
=2 ei sign(M)θ
(18)
in the center of mass frame and in the non-relativistic limit. Here D(p) = i(p2−m2S+iǫ)−1
is the free scalar propagator, and we have taken ~q 2 → 0 in the final amplitude Vmγ of (18).
The meson-meson pair therefore always repel for any values of the parameters, while
the meson and antimeson always attract each other. This occurs because spinless particles
have no magnetic moment at tree-level, and hence no unusual Chern-Simons magnetic
interaction between them, and they therefore only interact through the usual Coulombic
forces (unlike spinor particles). The meson-photon pair also always repel each other in
P -wave, since in the relevant limits the repulsive bare four-point vertex (third term of
Vmγ in (18)) dominates the total meson-photon interaction (whereas in the spinor case the
photon can only dress the fermions). Thus topologically massive scalar electrodynamics
can not admit exotic bound states, and the spectrum of the scalar quantum field theory
(17) contains precisely the same particles as the ordinary three (or four) dimensional scalar
Maxwell theory does.
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